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Abstract. We construct the systems of the harmonic and Pais-Uhlenbeck oscillators, which
are invariant with respect to arbitrary noncompact Lie algebras. The equations of motion of
these systems can be obtained with the help of the formalism of nonlinear realizations. We
prove that it is always possible to choose time and the fields within this formalism in such
a way that the equations of motion become linear and, therefore, reduce to ones of ordinary
harmonic and Pais-Uhlenbeck oscillators. The first-order actions, that produce these equations,
can also be provided. As particular examples of this construction, we discuss the so(2, 3) and
G2(2) algebras.
1. Introduction
In the papers [1] and [2], the dynamical systems, which provide nonlinear realizations [3-6] of the
su(1, 2), so(2, 3) and G2(2) algebras, were considered. The equations of motion of these systems
were obtained within the coset approach as the conditions on some of the Cartan forms of the
specifically chosen coset spaces. Other forms of these cosets were used to construct the invariant
actions. The equations of motion, obtained in [1], [2], can be viewed as deformations of the
equations of motion of usual harmonic oscillators. The ability to obtain the oscillator equations
of motion is strongly related to the fact that these algebras admit the 5-graded decomposition.
And, due to the fact that at least one real form of any simple Lie algebra, aside of sl(2), admits
this decomposition [7], it is possible to realize all these algebras in terms of time and fields, that
satisfy the deformed oscillator equations of motion.
The idea of the papers [1], [2] can be traced back to the paper [8], where the deformations
of the ℓ-conformal Galilei algebras were considered and it was noted that the deformed
commutation relations resemble ones of a very general class of Lie algebras. In this sense,
the appearance of the oscillators is not surprising, as for the ℓ-conformal Galilei algebras the
nonlinear realizations that produce equations of motion of the harmonic and Pais-Uhlenbeck
oscillators, are known [9], [10].
An interesting feature of the construction of the invariant oscillators in [2] was that the second-
order equations of motion of the so(2, 3) invariant system were still linear, though both so(2, 3)
and G2(2)-invariant actions were deformed, and required an introduction of some additional
semi-dynamical variables. Moreover, in [1] the redefinition of the coordinates and the momenta
was found, which brought the equations of motion and the Hamiltonian of the su(1, 2) deformed
oscillators to the standard form. As, obviously, the exact form of the equations of motion
heavily depends on the parametrization of the coset space, one may ask the question whether
these equations can be made linear by the change of variables.
The purpose of this paper is to prove that for any simple Lie algebra it is possible to construct
parametrization, which ensures linearity of equations of motion. This parametrization can be
called homogeneous, as it is just required to place all the dynamical fields together with their
generators into a single exponent. We also consider a general recipe for construction of the action
and analyze how it produces the expected oscillator equations of motion. Then we consider, for
illustrative purposes, the example of so(2, 3) in homogeneous parametrization and find another
(“matryoshka”) parametrization of the G2(2) coset, which also produces linear equations of
motion.
2. General construction
2.1. Linear equations of motion
As was already noted, we consider algebras with the structure [8], [2][
Lm, Ln
]
= (m− n)Lm+n, m, n = −1, 0, 1; [Ma,Mb] ∼Mc,[
Lm, Gr,µ
]
=
(
ℓm− r)Gr+m,µ, r = −ℓ, . . . , ℓ; [M,G] ∼ G, (1)[
Gr,µ, Gs,ν
]
= δr+s,0f
a(r, µ, ν)Ma + g
m(r, s, µ, ν)Lm,
where ℓ is a half-integer to have the finite number of Gr,µ and Lm form the conformal algebra in
one dimension. This structure of the algebra is called graded, as all generators can be classified
with respect to the action of L0. The grade of the algebra (1) depends on ℓ. It was proven in [7]
that a 5-graded structure, which corresponds to ℓ = 12 , exists for at least one real form of any
simple Lie algebra, though different graded structures are known for various algebras. In this
paper, we concentrate on the case ℓ = 12 .
The equations that are deformed equations of motion of harmonic oscillators can be obtained
as conditions Ωr,µ = 0 on the Gr,µ Cartan forms of the coset spaces
g = et
(
L
−1+ω2L1
)
× exponents of ur,µGr,µ. (2)
There are a lot of coset spaces with this structure, which differ by exact arrangement of Gr,µ
generators. However, it is always possible, by redefining t and ur,µ, to bring all the Gr,µ inside a
single exponent. Let us show that in this case the resulting equations of motion are necessarily
linear and for ℓ = 12 coincide with those of harmonic oscillators of identical frequency. Indeed,
using standard techniques, one may calculate the Cartan forms of the coset element
g = et
(
L
−1+ω2L1
)
eu·G, u ·G =
∑
r,µ
ur,µGr,µ ⇒
g−1dg = e−u·Gdt
(
L−1 + ω
2L1
)
eu·G + e−u·Gdeu·G =
= e−u·G ∧ dt(L−1 + ω2L1)+ 1− e−u·G
u ·G ∧
(
du ·G). (3)
Here ∧ is the Zumino notation for the nested commutators: X∧Y = [X,Y ], X2∧Y = [X, [X,Y ]],
e.t.c.
Rewriting each of the exponents as a sum of even and odd part eX = coshX + sinhX,
e−X ∧ Y = coshX ∧ Y − sinhX ∧ Y = coshX ∧ Y − sinhX
X
∧ [X,Y ],
1− e−X
X
∧ dX = 1− coshX
X2
∧ [X, dX] + sinhX
X
∧ dX, (4)
the Cartan form can be represented as
Ω = dt
(
L−1 + ω
2L1
)− cosh (u ·G)− 1
(u ·G)2 ∧
[
u ·G, du ·G− dt[u ·G,L−1 + ω2L1]]+
+
sinh(u ·G)
(u ·G) ∧
(
du ·G− dt[u ·G,L−1 + ω2L1]). (5)
As the structure of the algebra (1) suggests, the expression du · G − dt[u · G,L−1 + ω2L1] is
composed only of G generators. Moreover, calculating N nested commutators of this expression
with u ·G, one may find that the result is proportional to G again if N is even but contains only
L and M generators if N is odd. Therefore, one may conclude that Gr,µ appear only in the last
line of (5) and
∑
r,µ
Ωr,µGr,µ =
sinh(u ·G)
(u ·G) ∧
(
du ·G− dt[u ·G,L−1 + ω2L1]). (6)
As the sinh(x)/x begins with 1, its adjoint action is always invertible and the equations, which
follow from Ωr,µ = 0, are equivalent to
u˙ ·G− [u ·G,L−1 + ω2L1] = 0. (7)
For ℓ = 12 , r takes only values −12 , 12 , and it is not difficult to evaluate the expression (7)
explicitly. It would result in the equations of motion of a few (depending on the representation
of M) harmonic oscillators
u˙−1/2,µ + u1/2,µ = 0, u˙1/2,µ − ω2u−1/2,µ = 0 ⇒ u¨−1/2,µ + ω2u−1/2,µ = 0. (8)
If there exists a basis for the algebra with different ℓ, one may obtain the Pais-Uhlenbeck
oscillators.
Equations (7) explicitly linear and, therefore, similar to ones obtainable from the Galilei
algebras. Let us also note that Ma generators appear only in the second term in the first line of
(5), and their forms
∑
a
ΩaMa = −cosh (u ·G)− 1
(u ·G)2 ∧
[
u ·G, du ·G− dt[u ·G,L−1 + ω2L1]]|M , (9)
where |M implies that we consider only Ma generators, also vanish on equations of motion.
2.2. The action
The Cartan forms of Gr,µ generators were already used in the derivation of the equations of
motion, and the only ingredients to construct the action appear to be the forms of Ma. Let us
note, however, that due to the general transformation law of the Cartan forms
g0g = g
′h ⇒ Ω′ = (g′)−1dg′ = hΩh−1 − dhh−1, (10)
the forms of the small subgroup transform non-homogeneously. This is not a problem if the
small subgroup is a product of U(1)’s, as the dhh−1 term in this case will be full differential and
its integral would vanish, making integral of the whole form invariant. While it is not possible
to use this directly in the case of a non-Abelian small subgroup, one may still split its generators{
Ma
} → {M0 = u(1),MA}, move the MA to the coset space with parameters ΛA and use the
integral of the form of M0 as the action. This is possible, because following modification of the
coset would not spoil the equations of motion:
g˜ = et
(
L
−1+ω2L1
)
eu·GeΛ·M = geΛ·M
g˜−1dg˜ = e−Λ·M ∧ g−1dg + e−Λ·MdeΛ·M . (11)
As the second term in g˜−1dg˜ does not contain Gr,µ generators, and the adjoint action of the
exponent is invertible, the conditions Ω˜r,µ = 0 are equivalent to Ωr,µ = 0. Moreover, as M forms
in g−1dg vanish on these equations, the equations of motion for ΛA come only from the second
term in g˜−1dg˜, and, therefore, read just as Λ˙A = 0.1 Let us note that this only happens if the
Ωr,µ = 0 forms vanish on the ur,µ equations of motion, which was not the case of the paper [2].
Let us mention some properties of the action constructed this way.
• The usual inverse Higgs effect [11] is typically absent in such systems, as its presence in the
case of spontaneously broken spacetime symmetries [6] actually imposes strong conditions
on the structure constants of the algebra [12]. Though it is possible to put covariantly to
zero not all Ωr,µ forms, they in general contain differentials of all variables. This means
that resulting equations contain both fields and their derivatives, and equations cannot be
solved algebraically for fields representing some of them in terms of others. (This does not
preclude solving the whole set of equations for derivatives of fields).
• The action, constructed in the described way, contains derivatives of all variables, and is
necessarily linear in them. It should be considered, therefore, in the Hamiltonian sense,
with ur,µ variables (parameters of Gr,µ) representing both coordinates and momenta and
ΛA variables being auxiliary to ensure invariance.
• Proposed symmetry of systems of oscillators is dynamical, it cannot be realized on
coordinates only.
• The main variables ur,µ parameterize the coset space
G
SO(1, 2) ×M .
The action is made of connections on this space, which are related to the algebra M.
2.3. The equations of motion from the action
It would be natural to expect that due to invariance of the action and the equations of motion,
the necessary equations follow from the proposed action. Indeed, let us consider variation of
this action
S =
∫
Ω˜M0 =
∫
g˜−1dg˜|M0 , δS =
∫ (
g˜−1dδg˜ − g˜−1δg˜g˜−1dg˜)|M0 =
=
∫ (
g˜−1dg˜ g˜−1δg˜ − g˜−1δg˜ g˜−1dg˜)|M0 . (12)
One may notice that this variation is an integral of the commutator of the Cartan form of
the extended coset and the forms, where differentials dur,µ, dλA are replaced by the variations
δur,µ, δλA (and δt = 0, as t is not varied). Therefore, the coefficients of δur,µ, δλA can only be
combinations of expected equations of motion for ur,µ and ΛA. Some additional analysis would
1 The equations of motion for ur,µ do not change if the exponents of M generators are placed after the exponents
of G, regardless of how exactly the G’s are arranged. In this case, the equations of motion for Λ can be different,
however.
be required to find whether all of them are reproduced, and the u(1) generator should be chosen
carefully. In particular, if the M algebra is so(1, 2), [Ma,Mb] = (a − b)Ma+b, a = −1, 0, 1, it
is required to put M±1 generators in the coset space, while the action will be obtained as the
integral of the form of M0. This will be illustrated by the following examples.
3. Two harmonic oscillators and so(2, 3) algebra
To make the statements above more clear, let us consider the example that can be treated in the
homogenous parametrization completely. This is the system of two harmonic oscillators with
identical frequency, which provide a realization of the so(2, 3) algebra (already considered in [2],
but in different parametrization). The commutation relations of this algebra read[
Lm, Ln
]
= (m− n)Lm+n, m, n = −1, 0, 1;
[
Ma,Mb
]
= (a− b)Ma+b, a, b = −1, 0, 1,[
Lm, Gr,µ
]
=
(1
2
m− r)Gm+r,µ, r = −1
2
,
1
2
,
[
Ma, Gr,µ
]
=
(1
2
a− µ)Gm,a+µ, µ = −1
2
,
1
2
,[
Gr,µ, Gs,ν
]
= 2
(
rδr+s,0Mµ+ν + µδµ+ν,0Lr+s
)
. (13)
It is evident that it is 5-graded in this basis (a basis with 3-grading also exists, but we do not
consider it here). For our purposes, it would be convenient to rewrite them in the SO(1, 2)
spinor notation, with i, j, k, l = 1, 2 and α, β, µ, ν = 1, 2:
[Lij , Lkl] = ǫikLjl + ǫjkLil + ǫilLjk + ǫjlLik,
[Mαβ ,Mµν ] = ǫαµMβν + ǫβµMαν + ǫανMβµ + ǫβνMαµ,
[Lij , Gkα] = ǫikGjα + ǫjkGiα, [Mαβ , Giγ ] = ǫαγGiβ + ǫβγGiα, (14)
[Giα, Gjβ ] = −ǫijMαβ − ǫαβLij .
Here, ǫij = −ǫji, ǫαβ = −ǫβα, ǫ12 = 1, ǫijǫjk = δik, ǫαβǫβγ = δαγ .
The coset space can be parameterized as
g = e−
1
2
t
(
L11+ω2L22
)
eu
kαGkα . (15)
One may introduce the standard stereographical coordinates on S2,2
ziα =
tanh
√
u·u
2√
u·u
2
uiα, u · u = uiαuiα, z · z = ziαziα. (16)
and write down the Cartan forms of interest as(
ΩG
)1α
= dz
1α−dtz2α
1− 1
2
z·z
,
(
ΩG
)2α
= dz
2α+dtω2z1α
1− 1
2
z·z
,
(
ΩM
)αβ
= 12
zi(αdz
β)
i +dt
(
z2αz2β+ω2z1αz1β
)
1− 1
2
z·z
. (17)
From the conditions
(
ΩG
)iα
= 0 one may obtain the equations
z˙1α = z2α, z˙2α = −ω2z1α ⇒ z¨1α + ω2z1α = 0, (18)
which are the equations of motion of two harmonic oscillators. Let us note that uiα satisfy
similar equations, as u · u and z · z are the constants of motion.
To construct the action, one should extend the coset space by two more generators
g˜ = g eΛ
11M11+Λ22M22 , λαβ = Λαβ
tan 2
√
Λ11Λ22
2
√
Λ11Λ22
. (19)
The action is an integral of the
(
Ω˜M
)12
Cartan form of this extended coset
S =
∫ {λ22dλ11 − λ11dλ22
1 + 4λ11λ22
+
(
ΩM
)12 1− 4λ11λ22
1 + 4λ11λ22
+ 2
λ11
(
ΩM
)22 − λ22(ΩM)11
1 + 4λ11λ22
}
(20)
It can be directly checked that the equations of motion (18) as well as λ˙αβ = 0 follow from this
action. The equations λ˙αβ = 0 also follow from the conditions
(
Ω˜M
)11
= 0,
(
Ω˜M
)22
= 0 on the
new Cartan forms
(
Ω˜M
)11
=
dλ11
1 + 4λ11λ22
+
(
ΩM
)11 − 4λ11(ΩM)12 + 4(λ11)2(ΩM)22
1 + 4λ11λ22
,
(
Ω˜M
)22
=
dλ22
1 + 4λ11λ22
+
(
ΩM
)22
+ 4λ22
(
ΩM
)12
+ 4(λ22)2
(
ΩM
)11
1 + 4λ11λ22
, (21)
as expected.
The action (20) is of the first order and should be treated as the Hamiltonian one with the
factor of dt in (20) being the Hamiltonian itself and the rest being the source of the Poisson
brackets. In describing the Hamiltonian and brackets, it is very useful to define set of functions
h11 =
4λ11
(1 + 4λ11λ22)
(
1− z·z2
) , h22 = −4λ22
(1 + 4λ11λ22)
(
1− z·z2
) ,
h12 = h21 =
−(1− 4λ11λ22)
(1 + 4λ11λ22)
(
1− z·z2
) , (22)
which the action (20) is composed of. Then the action can be rewritten as
S =
∫ {λ22dλ11 − λ11dλ22
1 + 4λ11λ22
+
1
4
hαβ z
iαdzβi − dtH
}
, H = −1
2
z2αz2βhαβ − ω
2
2
z1αz1βhαβ . (23)
Differential of the first part of this action provides the brackets between variables. The brackets
between λ11 and λ22, as well as between ziα are reasonably simple{
λ11, λ22
}
= −1
4
(
1− z · z
2
)(
1 + 4λ11λ22
)2
,
{
ziα, zjβ
}
=
(
1− z · z
2
)3
ǫij hαβ . (24)
The brackets between λαβ and ziγ are not that systematic. They, however, imply relatively
simple brackets of ziα with the functions hµν , as well as between hαβ and hµν :{
hαβ , hµν
}
= ǫαµhβν + ǫβµhαν + ǫανhβµ + ǫβνhαµ,
{
hαβ , ziγ
}
= ǫαγziβ + ǫβγziα. (25)
As expected, these brackets and Hamiltonian (23) reproduce the expected equations of motion
(18), along with λ˙11 = 0, λ˙22 = 0. One may finally note that the following quantities reproduce
the so(2, 3) algebra with respect to the Poisson brackets:
L˜ij = ziαzjβh
αβ , M˜αβ = −hαβ, G˜iα = zβi hαβ . (26)
4. G2(2) oscillators
Let us note that the considered homogeneous parametrization is not only one that allows to
obtain linear equations of motion. For example, let us consider the exceptional G2(2) algebra.
Commutation relations of its 14 generators read[
Lm, Ln
]
= (m− n)Lm+n, m, n = −1, 0, 1,
[
Ma,Mb
]
= (a− b)Ma+b, a, b = −1, 0, 1,[
Lm, Gr,µ
]
=
(m
2
− r
)
Gr+m,µ,
[
Ma, Gr,µ
]
=
(3a
2
− r
)
Gr,µ+a, r = −1
2
,
1
2
, µ = −3
2
,−1
2
,
1
2
,
3
2
,[
Gr,µ, Gs,ν
]
= r δr+s,0
(
6µ2 + 6ν2 − 8µν − 9)Mµ+ν + 3µ(4µ2 − 5)δµ+ν,0Lr+s. (27)
Looking at the commutators (27), one may note that this algebra contains two different sl(2)
algebras and can be viewed as 5- or 7-graded, depending on whether L orM algebra is considered
as the primary one. We may, therefore, consider two coset spaces
gˆ1 = e
t(L
−1+ω2L1)
3/2∏
µ=−3/2
euµG−1/2,µ+vµG1/2,µ , (28)
gˆ2 = e
t(M
−1+ω2M1)e
∑3/2
µ=−3/2
xµG−1/2,µ e
∑3/2
µ=−3/2
yµG1/2,µ . (29)
The generators G in these parameterizations are arranged in such a way that 1) generators inside
each exponent form closed subsets under the action of the conformal generators, 2) exponents
themselves are placed so that second subset of generators can be produced from the first by
the action of M1 (or L1), and so on. For this reason, this structure of the coset can be called
“matryoshka”. It can be checked that in both cases the equations of motion are again linear.
4.1. Four harmonic oscillators
Let us briefly consider the coset space gˆ1 (28). Evaluating its Cartan forms, one may note that
all forms of Gr,µ are composed of subforms
Uµ = duµ − vµ dt, Vµ = dvµ + ω2uµ dt. (30)
Therefore, the equations Ωr,µ = 0 are the linear system of equations w.r.t. Uµ, Vµ with zero
right-hand side. As this system appears to be non-degenerate, it implies
Uµ = Vµ = 0 ⇒ u¨µ + ω2uµ = 0, (31)
which are just the equations of motion of four harmonic oscillators with the same frequency.
The system of only four equations Ω−1/2,µ = 0 cannot be solved for vµ, and the inverse Higgs
effect is also absent in this basis.
The action for this system can also be constructed by extending the coset space gˆ1 → ˜ˆg1 =
gˆ1 exp(Λ−1L−1 +Λ1L1). It reads
S =
∫
Ω˜M0 =
∫ [λ−1dλ1 − λ1dλ−1
1 + λ1λ−1
+
(
1− λ1λ−1
)
ΩM0 + 2λ−1ΩM1 − 2λ1ΩM−1
1 + λ1λ−1
]
, (32)
where we defined
λ±1 = Λ±1
tan
√
Λ−1Λ1√
Λ−1Λ1
(33)
and ΩMa are the Ma forms of the gˆ1 coset. It can be checked explicitly that the action (32)
produces the expected equations of motion u˙µ = vµ, v˙µ = −ω2uµ, λ˙±1 = 0.
4.2. Two Pais-Uhlenbeck oscillators
The coset gˆ2 (29) also leads to linear equations. The Cartan forms in this case are composed of
subforms
X−3/2 = dx−3/2 − x1/2dt, X−1/2 = dx−1/2 − 2x1/2dt+ 3ω2x3/2dt,
X1/2 = dx1/2 − 3x3/2dt+ 2ω2x−1/2dt, X3/2 = dx3/2 + ω2x1/2dt, (34)
Y−3/2 = dy−3/2 − y1/2dt, Y−1/2 = dy−1/2 − 2y1/2dτ + 3ω2y3/2dt,
Y1/2 = dy1/2 − 3y3/2dt+ 2ω2y−1/2dt, Y3/2 = dy3/2 + ω2y1/2dt.
Here, it makes sense to introduce completely symmetric 3-spinor notation by the relation
x−3/2 =
1
3
x1,1,1, x−1/2 = x
1,1,2, x1/2 = x
1,2,2, x3/2 =
1
3
x2,2,2. (35)
As a result, the Gr,µ and Lm Cartan forms can be written as
ΩL
−1 = xX, ΩL0 = 2yX, ΩL1 = yY + 2(y
3X)− 12y4 · xX,
Ωαβγ
−1/2 = X
αβγ + yαβγ · xX, Ωαβγ1/2 = Y αβγ − 3(yXy)αβγ + yαβγ(yX) +
(
y3
)αβγ · xX. (36)
Here, we used the notation
xy = xαβγyαβγ , y
4 = yαµνyµνσy
σβγyαβγ , (37)
(xyz)αβγ =
1
3
(
xαµνyµνσz
σβγ + xβµνyµνσz
σαγ + xγµνyµνσz
σαβ
)
.
It is obvious to show that the equations Ωαβγr = 0 imply Xαβγ = 0 and Y αβγ = 0. Excluding
from them all variables in terms of derivatives of x−3/2 and y−3/2, one may find
( d
dt2
+ (3ω)2
)( d
dt2
+ ω2
)
x−3/2 = 0,
( d
dt2
+ (3ω)2
)( d
dt2
+ ω2
)
y−3/2 = 0 (38)
-the equations of motion of two Pais-Uhlenbeck oscillators with frequencies ω and 3ω.
One may check explicitly that the action
S =
∫
Ω˜L0 =
∫ [λ−1dλ1 − λ1dλ−1
1 + λ−1λ1
+
(
1− λ−1λ1
)
ΩL0 + 2λ−1ΩL1 − 2λ1ΩL−1
1 + λ−1λ1
]
(39)
reproduces the equations of motion (38). As before, it can be obtained by extending the coset
as gˆ2 → ˜ˆg2 = gˆ2 exp(Λ−1L−1 + Λ1L1), evaluating the modified L0 Cartan form and performing
substitution (33).
5. Conclusion
In this paper, we demonstrated that for any noncompact simple Lie algebras one may construct
a dynamical realization, then the conditions on the Cartan forms of the specifically chosen coset
space reproduce the equations of motion of the harmonic and/or Pais-Uhlenbeck oscillators.
Also, we showed that for each appearing system of oscillators, one may provide the first-order
action, which is invariant with respect to the whole group and produces the expected equations
of motion.
The studied examples show that one may parameterize the coset space in a few different
ways and still obtain the linear equations of motion. One way was used in general proof and
can be called “homogeneous parametrization”, as it involves placing of all dynamical variables
and their generators into just a single exponent. Another parametrization, which can be called
“matryoshka”, was found for the G2(2) algebra and involves placing generators into the exponents
according to their properties with respect to the conformal and automorphism sl(2) algebras. Let
us note that such a parametrization is also known for the so(2, 3) algebra, and it is possible that
it is another universal parametrization which ensures the linearity of the equations of motion.
Each of these two parameterizations has its own advantages and disadvantages. The
homogeneous parametrization is suitable for general proofs, can be constructed for any group,
the fields in it are in linear representation of conformal and automorphism groups, which provides
a more natural connection to the geometry. However, the calculations in this parametrization
involve infinite matrix power series, which sometimes are very difficult to evaluate explicitly.
Contrary to this, in the “matryoshka” parametrization the Cartan forms involve the finite
number of terms, which are always possible to find explicitly. The variables involved, however,
do not form a linear representation of the automorphism group, which can make the Cartan
forms longer, complicated and difficult to deal with.
A typical feature of the considered parameterizations is the absence of the usual inverse
Higgs effect, which necessitates the related actions to be considered as Hamiltonian ones, with
ur,µ variables representing both coordinates and momenta. The symmetry then will also be
dynamical, which is impossible to realize off-shell in terms of coordinates only.
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